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Abstract In this paper, we propose and analyze a new fractional order malaria
model with temporary immunity. We extend the existing malaria model to in-
clude fractional derivatives. Basic reproduction number is computed using the
next generation matrix method. Model equilibria are determined and their local
asymptotic stability analysis are considered. An efficient Adams-type predictor-
corrector method is used to solve the initial value problem. Finally, phase plane
portraits are generated to describe the dynamics between susceptible fractions of
human hosts and infected fractions of mosquito vectors.
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1 Introduction
Malaria is one of the deadly vector-borne diseases affecting the developing part of
the world and mostly in Africa. The reports by the World Health Organization
(see, e.g, WHO, 2005, 2012, 2014) indicates that, malaria is a serious threat to
human life and remains a dangerous infectious disease. Its economic burden on the
affected countries are extremely huge and needs serious public health attention.
Since its discovery, many researchers have studied the disease dynamics math-
ematically to capture and understand the complex interaction between infected
mosquitoes and the susceptible human population.
Mathematical modeling of infectious diseases has played a key role in understand-
ing the dynamical processes of disease transmission and control strategies. The first
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malaria epidemiological model was constructed and formulated by Ross (1911). He
used deterministic compartmental models to describe malaria infection dynam-
ics between human and mosquito populations. Ngwa and Shu (2000) proposed a
malaria model and considered global stability analysis for the disease free equi-
librium point. Mandal et al. (2011) considered an extensive survey and review
on modeling of malaria infection. Backward bifurcation analysis is very impor-
tant in mathematical modeling of infectious diseases and has been investigated
by many authors in malaria infection models (see, e.g, Keegan and Dushoff, 2013;
Ghosh et al., 2013; Chiyaka et al., 2008; Chitnis, 2005; Chitnis et al., 2006; Ngong-
hala et al., 2012). A´guas et al. (2012) developed an age structure model to study
the effects of relapse in malaria parasites. A periodic model based on the Ross-
MacDonald model was considered by Gao et al. (2014). They studied the effects of
spatial heterogeneity and temporal on disease dynamics. Their proposed model in-
corporated periodic behavior in mosquito ecology and seasonal human movement
to capture variations of malaria spread among different regions.
Tumwiine et al. (2010) proposed and analyzed a malaria infection model with in-
fective immigrants. Tumwiine et al. (2007b) formulated an epidemic model with
standard incidence for the dynamics of malaria infection. They applied additive
compound matrices approach to show global stability analysis of the endemic equi-
librium. Using the model in Tumwiine et al. (2007b), the same authors (Tumwiine
et al., 2007a) studied the oscillatory behavior of malaria disease in a population
with temporary immunity. Their numerical results shows that the endemic equi-
librium converges to a steady state. Okosun and Makinde (2011) developed a
deterministic compartmental model to investigate the impact of drug resistance in
malaria infection and the same authors (Okosun and Makinde, 2014) formulated
an optimal control model for malaria and cholera co-infection.
Abdullahi et al. (2013) have assessed the effectiveness of drugs in a malaria trans-
mission model. Barley et al. (2012), Mukandavire et al. (2009) and Abu-Raddad
et al. (2006) formulated a model to study infectious disease co-infection of HIV and
malaria. Okosun and Makinde (2013) studied the spread of malaria infection with
an optimal control model. Pongtavornpinyo et al. (2008), they studied the spread
of anti-malaria resistance. Lawi et al. (2011) studied co-infection model for malaria
and meningitis among children. They observed that, when the threshold parameter
R0 < 1, the disease-free equilibrium might exhibit some instabilities in the global
sense. They further applied centre manifold theorem to investigate asymptotic sta-
bility of the endemic equilibrium. Antia et al. (2008) studied the dynamics of acute
malaria transmission using an age-structured models. A mathematical model for
malaria infection which incorporates weather has been formulated and studied by
Hoshen and Morse (2004). Koella and Anita (2003) developed an epidemic model
to explore the incidence of anti-malarial resistance.
Mathematical modeling of infectious diseases dynamics and other important ar-
eas of studies such as economics, finance and engineering has extensively been
explored using the theory and applications of the classical differential equations.
But in recent times, the theory and applications of fractional calculus has become
extremely useful and important in modeling of biological processes and other ar-
eas of studies due to the memory property of fractional derivatives. Many authors
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have contributed significantly in compartmental modeling of infectious disease dy-
namics using fractional differential equations. Sardar et al. (2015) have developed
a mosquito-transmitted disease model with fractional differential equations. Pinto
and Machado (2013) described fractional order models for malaria infection. They
modified the integer order compartmental model formulated by Chiyaka et al.
(2008) to numerically study control strategies in malaria dynamics. Fractional or-
der models for HIV and TB co-infection have been analysed by Pinto and Carvalho
(2014). Fractional order models for HIV infection have been considered and anal-
ysed by several authors (see, e.g, Ye and Ding, 2009; Gokdogan et al., 2011; Liu
et al., 2014; Arafa et al., 2014; Ding and Ye, 2009; Ding et al., 2012; Liu and Lu,
2014). Liu and Chen (2015) constructed fractional order competition model for
love triangle. Ahmad and El-Khazali (2007) proposed a mathematical model for
love using fractional order systems. El-Saka (2015) investigated backward bifurca-
tion in a fractional order vaccination model.
Javidi and Ahmad (2014) developed fractional order model for cholera infection.
Arafa et al. (2012) applied homotopy analysis method and fourth order Runge-
Kutta method to generate analytical and numerical results for fractional order
childhood disease models. An epidemic model with fractional order for influenza
A have been formulated and analysed (see, e.g, El-Shahed and Alsaedi, 2011;
Gonza´lez-Parra et al., 2014). Rihan et al. (2014) studied deterministic fractional
order SIRC model with Salmonella bacteria infection. Ahmed and El-Saka (2010)
presented and discussed fractional order systems for Hepatitis C virus. The deadly
ebola disease which killed a lot of people in some part of Africa has been modelled
by a system of fractional order derivatives (Area et al., 2015). An endemic model
with constant population has been analytically and numerically studied by Okyere
et al. (2016) using Caputo fractional derivatives.
In this work, we formulate a fractional order model for malaria infection with tem-
porary immunity. We consider the malaria disease model studied and analysed by
Tumwiine et al. (2007a,b). The authors developed their model using determinis-
tic integer order differential equations. Our new model will be constructed using
fractional order derivatives. We are motivated by this method of mathematical
formulation in epidemiological modeling due to the effective nature of fractional
derivatives.
The rest of the article is as follows. In section 2, we formulate the fractional order
malaria model. Section 3, deals with non-negativity of model solutions. In section
4, we compute model equilibria and the basic reproduction number and then in-
vestigate local asymptotic stability analysis. We consider numerical simulations in
section 5. In section 6, we discuss simulation results and finally conclude the paper
in section 7.
2 Model Derivation
In this section, we extend and modify the integer order malaria model by Tumwi-
ine et al. (2007a,b) to become fractional order malaria model. The theory and
applications of fractional calculus has become extremely useful and important in
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modeling of biological processes and other areas of studies due to the memory
property of fractional derivatives. Many authors have contributed significantly in
compartmental modeling of infectious disease dynamics using fractional differen-
tial equations. There are several definitions of fractional derivatives and integrals
in fractional calculus (see, e.g, Petras, 2011; Podlubny, 1999), but in this work,
our model construction will be based on Caputo derivative. Our motivation for
this type of fractional derivative is based on the fact that, it has an advantage on
initial value problems.
Definition 1 (Podlubny, 1999; Petras, 2011) Fractional integral of order α is
defined as
Iαg(t) =
1
Γ (α)
∫ t
0
g(x)
(t− x)1−α dx
for 0 < α < 1, t > 0.
Definition 2 (Podlubny, 1999; Petras, 2011) Caputo fractional derivative is de-
fined as
Dαg(t) =
1
Γ (k − α)
∫ t
0
gk(x)
(t− x)α+1−k dx.
for k − 1 < α < k.
In this article, we consider the scaled malaria model model presented by
Tumwiine et al. (2007a,b). The authors, transformed their compartmental malaria
model (SHIHRH −SV IV ) into systems of proportions (shihrh− sviv) for the hu-
man and mosquito populations describe by systems of ordinary differential equa-
tions.
dsh
dt
= λh(1− sh)− abmshiv + νih + γrh + δshih,
dih
dt
= abmshiv − (ν + r + λh + δ)ih + δi2h,
drh
dt
= rih − (γ + λh)rh + δihrh,
dsh
dt
= λv(1− sv)− acihsv,
div
dt
= acsvih − λviv,
(1)
with sh(t) + ih(t) + rh(t) = 1 and sv(t) + iv(t) = 1,
where
sh: proportion of susceptible human hosts at time t
ih: proportion of infected human hosts at time t
rh: proportion of immune human hosts at time t
sv: proportion susceptible mosquito vectors at time t
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iv: proportion of infected mosquito vectors at time t
a: average daily biting rate on man by a single mosquito (infection rate)
b: proportion of bites on man that produce an infection
ν recovery rate of human hosts from the disease
c: probability that a mosquito becomes infectious
γ: per capita rate of loss of immunity in human hosts
r: rate at which human hosts acquire immunity
δ: per capita death rate of infected human hosts due to the disease
m = NVNH : number of female mosquitoes per human host
NH : total human population
NV : total mosquito population
µh: per capita natural death rate of humans
µv: per capita natural death rate of mosquitoes
λh: per capita natural birth rate of humans
λv: per capita natural birth rate of mosquitoes
The new model we consider in this paper is the system of non-linear fractional
differential equations in the sense of Caputo fractional derivatives.
Dαsh = λ
α
h(1− sh)− aαbmshiv + ναih + γαrh + δαshih,
Dαih = a
αbmshiv − (να + rα + λαh + δα)ih + δαi2h,
Dαrh = r
αih − (γα + λαh)rh + δαihrh,
Dαsv = λ
α
v (1− sv)− aαcihsv,
Dαiv = a
αcsvih − λαv iv,
(2)
with sh(t) + ih(t) + rh(t) = 1 and sv(t) + iv(t) = 1.
It is important to remark that when the fractional order α → 1, the fractional
order malaria model (2) with the model restrictions sh(t) + ih(t) + rh(t) = 1 and
sv(t)+iv(t) = 1, becomes the integer order malaria model (1) studied by Tumwiine
et al. (2007a,b).
3 Non-negative Solutions
Let R5+ = {X ∈ R5 : X ≥ 0}, where X = (sh, ih, rh, sv, iv)T . We apply the
following Lemma in (Odibat and Shawagfeh, 2007) to show the theorem about the
non-negative solutions of the model.
Lemma 1 (Odibat and Shawagfeh, 2007) (Generalized Mean Value Theorem).
Suppose that w(x) ∈ C[a, b] and Dαw(x) ∈ C(a, b] for 0 < α ≤ 1, then we have
w(x) = w(a) +
1
Γ (α)
Dαw(ξ)(x− a)α
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with a ≤ ξ ≤ x, ∀x ∈ (a, b].
Remark 1 Assume that w(x) ∈ C[a, b] and Dαw(x) ∈ C(a, b], for 0 < α ≤ 1. It
follows from Lemma 1 that if Dαw(x) ≥ 0,∀x ∈ (a, b) then w(x) is non-decreasing
∀x ∈ [a, b] and if Dαw(x) ≤ 0,∀x ∈ (a, b), then w(x) is non-increasing ∀x ∈ [a, b].
Theorem 1 The malaria disease model (2) has a unique solution and it remains
in R5+.
Proof By applying Theorem 3.1 and Remark 3.2 in (Lin, 2007), the existence and
uniqueness of the solution of equation (2) in (0,∞) follows. The domain R5+ for
the model problem is positively invariant, since
Dαsh|sh=0 = λαh + ναih + γαrh ≥ 0,
Dαih|ih=0 = aαbmshiv ≥ 0,
Dαrh|rh=0 = rαih ≥ 0,
Dαsv|sv=0 = λαv ≥ 0,
Dαiv|iv=0 = aαcsvih ≥ 0,
(3)
on each hyperplane bounding the non-negative orthant, the vector filed points into
R5+.
4 Analysis of Model Equilibria
In order to determine the model equilibria, we proceed this way.
Let

Dαsh = 0
Dαih = 0
Dαrh = 0
Dαsv = 0
Dαiv = 0
(4)
By solving equation (4) and ignoring the steps involved, the disease-free equilib-
rium is given by Fo = (1, 0, 0, 1, 0) and the endemic equilibrium as
F∗ = (s∗h, i
∗
h, r
∗
h, s
∗
v, i
∗
v), where s
∗
h, r
∗
h, s
∗
v and i
∗
v are expressed in terms i
∗
h as follows:
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s∗h =
(λαv + a
αci∗h)[(λ
α
h + γ
α − δαi∗h)(λαh + νi∗h) + γαrαi∗h]
(λαh + γ
α − δαi∗h)[(λαh − δαi∗h)(λαv + aαci∗h) + a2αbmci∗h]
,
r∗h =
rαi∗h
(λαh + γ
α − δαi∗h)
,
s∗v =
λαv
(λαv + aαci
∗
h)
,
i∗v =
aαci∗h
(λαv + aαci
∗
h)
,
(5)
Next, we compute the basic reproduction number Ro using the next generation
method on the fractional order malaria model (2). By using the method and the
notations by Driessche and Watmough (2002), the special matrices F ( for new
infections terms) and V (for the remaining transitions terms) related to the model
problem (2) are respectfully given by
F =
 0 aαbm
aαc 0
 (6)
and
V =
να + rα + λαh + δα 0
0 λαv
 (7)
The basic reproduction number is the spectral radius of the generation matrix
FV −1, where
FV −1 =

0 a
αbm
λαv
aαc
να + rα + λαh + δ
α
0
 (8)
Therefore we have
Ro =
√
a2αbmc
λαv (να + rα + λ
α
h + δ
α)
4.1 Local Asymptotic Stability Analysis of Disease-Free Equilibrium
Theorem 2 The equilibrium Fo of the malaria disease model (2) is locally asymp-
totically stable if Ro < 1 and unstable if Ro > 1.
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Proof The Jacobian matrix J(Fo) for the malaria disease model (2) evaluated at
Fo is given by
J(Fo) =

−λαh να + δα γα 0 −aαbm
0 −(να + rα + λαh + δα) 0 0 aαbm
0 rα −(λαh + γα) 0 0
0 −aαc 0 −λαv 0
0 aαc 0 0 −λαv
 (9)
The disease-free equilibrium point Fo is locally asymptotically if all the eigenvalues
λi, i = 1, 2, 3, 4, 5 of J(Fo) satisfy the following condition [Ahmed et al. (2007),
Matignon (1996)]:
∣∣arg(λi)∣∣ > αpi2 .
From the square matrix J(Fo), it is obvious that, three of the eigenvalues are given
by −λαh ,−(λαh + γα) and −λαv . It can be seen that all the three eigenvalues are
negative and hence satisfy the stability condition:
∣∣arg(λi)∣∣ > αpi2 .
The rest of the eigenvalues can determined from the sub-matrix given as:
B =
−(να + rα + λαh + δα) aαbm
aαc −λαv
 (10)
The trace of matrix B is given by
tr(B) = −(να + rα + λαh + δα + λαv ) < 0
The determinant of B yields :
detB = λαv (ν
α + rα + λαh + δ
α)− a2αbmc
= λαv (ν
α + rα + λαh + δ
α)
[
1− a
2αbmc
λαv (να + rα + λ
α
h + δ
α)
]
= λαv (ν
α + rα + λαh + δ
α)
[
1−R2o
]
Therefore detB > 0 if R0 < 1.
Since detB > 0 if R0 < 1 and tr(B) < 0, it follows that the two remaining
eigenvalues will have negative real parts and we can therefore conclude that, the
disease equilibrium is locally asymptotically stable, otherwise unstable.
4.2 Local Asymptotic Stability Analysis of Endemic Equilibrium
In this subsection, we discuss the local stability of the endemic equilibrium point.
Our analysis is based on the construction by Ahmed et al. (2006, 2007). From the
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model constraints sv + iv = 1 and sh + ih + rh = 1, we can reduce the dimension
of the malaria model in order to simplify and reduce the complexity of the analysis.
As in Tumwiine et al. (2007a,b), let sv = 1 − iv and rh = 1 − sh − ih then the
5-dimensional fractional order model (2) reduces to a 3-dimensional problem with
Jacobian matrix evaluated the at endemic equilibrium F∗ as:
J(F∗) =

−(λαh + γα + aαbmi∗v − δαi∗h) να + δαs∗h − γα −aαbms∗h
aαbmi∗v −(να + rα + λαh + δα − 2δαi∗h) aαbms∗h
0 aαc(1− i∗v) −(λαv + aαci∗h)

The characteristics equation of the Jacobian matrix, J(F∗) is
λ3 + b1λ
2 + b2λ+ b3 = 0 (11)
where
b1 =λ
α
v + a
αci∗h + λ
α
h + γ
α
v + a
αbmi∗v − δαi∗h + να + rα + λαh + δα − 2δαi∗h
b2 =(λ
α
v + a
αci∗h)(ν
α + rα + λαh + δ
α − 2δαi∗h)− aαbmc(1− i∗v)s∗h + (γα − να − δαs∗h)aαbmi∗v
+ (λαh + γ
α + aαbmi∗v − δαi∗h)(λαv + aαci∗h + να + rα + λαh + δα − 2δαi∗h)
b3 =(λ
α
h + γ
α + aαbmi∗v − δαi∗h)[(λαv + aαci∗h)(να + rα + λαh + δα − 2δαi∗h)− a2αbmc(1− i∗v)s∗h]
+ a3αb2mc(1− i∗v)s∗h + aαbmi∗v(λαv + aαci∗h)(γα − να − δαs∗h)
Let D(g) represent the discriminant of the polynomial function
g(x) = x3 + b1x
2 + b2x+ b3
where
D(g) = −
∣∣∣∣∣∣∣∣∣∣∣
1 b1 b2 b3 0
0 1 b1 b2 b3
3 2b1 b2 0 0
0 3 2b1 b2 0
0 0 3 2b1 b2
∣∣∣∣∣∣∣∣∣∣∣
= 18b1b2b3 + (b1b2)
2 − 4b3b31 − 4b32 − 27b23
By following the results in (Ahmed et al., 2006, 2007) and similar applications of
their method in (El-Shahed and Alsaedi, 2011; Ozalp and Demirci, 2011; Al-Sulami
et al., 2014), we obtain the following proposition.
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Proposition 1 One assume that F∗ exist in R3+.
(i) If the discriminant of g(x), D(g) is positive and Routh-Hurwitz conditions are
satisfied , i.e. D(g) > 0, b1 > 0, b3 > 0, then the endemic equilibrium F∗ locally
asymptotically stable.
(ii) If D(g) < 0, b1 ≥ 0, b2 ≥ 0, b3 > 0, α < 2/3, then the endemic equilibrium
F∗ locally asymptotically stable.
(iii)If D(g) < 0, b1 > 0, b2 > 0, b1b2 = b3, α ∈ (0, 1), then the endemic
equilibrium F∗ locally asymptotically stable.
(iv) If D(g) < 0, b1 < 0, b2 < 0, α > 2/3, then the endemic equilibrium F∗ is
unstable.
5 Numerical Simulations
Analytical solutions of nonlinear coupled fractional order differential equations
are as difficult as the classical integer order system of nonlinear equations. There-
fore, there is need to consider numerical discretizations and approximations for
such systems or models. Over the past years, several numerical schemes have been
developed to solve fractional order models. One of the powerful approximation
methods that has been considered by many authors (see, e.g, El-Sayed et al.,
2007; Ozalp and Demirci, 2011; Al-Sulami et al., 2014; Cho et al., 2015; Okyere
et al., 2016) is the efficient Adams-type predictor-corrector method developed by
Diethelm et al. (2002, 2004). Li and Tao (2009) have considered a rigorous error
analysis of this numerical scheme.
For our numerical approximations, we re-define the variables in the model prob-
lem (2) as:
Let sh = X, ih = Y, rh = Z, sv = S, iv = I.
Therefore following the approach in (Diethelm et al., 2002, 2004; Cho et al., 2015;
Al-Sulami et al., 2014) and ignoring the details in the derivation of the scheme,
we obtain the discretized system corresponding to the fractional order malaria
model (2)as follows:
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Xk+1 =X0 +
1
Γ (α)
k∑
j=0
aj,k+1
[
λαh(1−Xj)− aαbmXjIj + ναYj + γαZj + δαXjYj
]
+
1
Γ (α)
[
λαh(1−Xpk+1)− aαbmXpk+1Ipk+1 + ναY pk+1 + γαZpk+1 + δαXpk+1Y pk+1
]
Yk+1 =Y0 +
1
Γ (α)
k∑
j=0
aj,k+1
[
aαbmXjIj − (να + rα + λαh + δα)Yj − δαY 2j
]
+
1
Γ (α)
[
aαbmXpk+1I
p
k+1 − (να + rα + λαh + δα)Y pk+1 + δα(Y PK+1)2
]
Zk+1 =Z0 +
1
Γ (α)
k∑
j=0
aj,k+1
[
rYj − (γα + λαh)Zj + δYjZj
]
+
1
Γ (α)
[
rY pk+1 − (γα + λαh)Zpk+1 + δY pk+1Zpk+1
]
Sk+1 =S0 +
1
Γ (α)
k∑
j=0
aj,k+1
[
λαv (1− SJ)− aαcYjSj
]
+
1
Γ (α)
[
λαv (1− Spk+1)− aαcY pk+1Spk+1
]
Ik+1 =I0 +
1
Γ (α)
k∑
j=0
aj,k+1
[
aαcSjYj − λαv Ij
]
+
1
Γ (α)
[
aαcSpk+1Y
p
k+1 − λαv Ipk+1
]
where
Xpk+1 =X0 +
1
Γ (α)
k∑
j=0
bj,k+1
[
λαh(1−Xj)− aαbmXjIj + ναYj + γαZj + δαXjYj
]
Y pk+1 =Y0 +
1
Γ (α)
k∑
j=0
bj,k+1
[
aαbmXjIj − (να + rα + λαh + δα)Yj − δαY 2j
]
Zpk+1 =Z0 +
1
Γ (α)
k∑
j=0
bj,k+1
[
rYj − (γα + λαh)Zj + δYjZj
]
Spk+1 =S0 +
1
Γ (α)
k∑
j=0
bj,k+1
[
λαv (1− SJ)− aαcYjSj
]
Ipk+1 =I0 +
1
Γ (α)
k∑
j=0
bj,k+1
[
aαcSjYj − λαv Ij
]
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aj,k+1 =
hα
α(α+ 1)

kα+1 − (k − α)(k + 1)α if j = 0
(k − j + 2)α+1 + (k − j)α+1 − 2(k − j + 1)α+1 if 1 ≤ j ≤ k
1 if j = k + 1
and
bj,k+1 =
hα
α
[
(k − j + 1)α − (k − j)α] , 0 ≤ j ≤ k
We then implement our numerical scheme in Matlab and the simulation results
are discussed in the next section.
6 Results and Discussion
In this section, we discuss the endemic trajectories of our numerical solutions
with model parameter values adapted from the work by Tumwiine et al. (2007a)
and basic reproduction number Ro = 1.5. The simulated solutions for the scaled
human population sh(t), ih(t) and rh(t) are shown in Figure 1 and that of the
scaled mosquito populations sv(t), iv(t) are shown in Figure 2. In Figures 3 and 4,
we considered four different values of the fractional α, α = 1, 0.99, 0.95 0.90. The
oscillatory behavior of the fractional order malaria model (2) are interesting and
can be compared to the research work be Tumwiine et al. (2007a). It is important
to observe that when α = 1, the model problem (2) is equivalent to the classical
initial value problem (2) and that as the fractional order α increases the behaviour
of the fractional order model solutions approaches that of the integer order model.
Phase plane portrait is displayed in Figure 5 to describe the dynamics between
susceptible fractions of human hosts and infected fractions of mosquito vectors.
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7 Conclusion
In this research, we have proposed and studied fractional order model for the
integer order model developed and studied by Tumwiine et al. (2007a,b). We de-
termined the basic reproduction number Ro using the method and the notations
by Driessche and Watmough (2002). We have investigated local asymptotic sta-
bility analysis of the model equilibria. Furthermore, we have numerically describe
the trajectories of the model using Adams-type predictor-corrector method. We
have extended the existing malaria model propose by Tumwiine et al. (2007a,b) to
include fractional derivatives which is very interesting and important in the field
of mathematical biology.
References
M. B. Abdullahi, Y. A. Hasan, and F. A. Abdullah. A mathematical model of
malaria and the effectiveness of drugs. Applied Mathematical sciences, 7:3079–
3095, 2013.
L. J. Abu-Raddad, P. Patnaik, and j. G. Kublin. Dual infection with hiv and
malaria fuels the spread of both diseases in sub-saharan africa. Science, 314:
1603–1606, 2006.
R. A´guas, M. U. Ferreira, and M. G. M. Gomes. Modeling the effects of relapse
in the transmission dynamics of malaria parasites. Journal of Parasitology Re-
search, 2012, Article ID 921715:8, 2012.
W. M. Ahmad and R El-Khazali. Fractional-order dynamical models of love.
Chaos, Solitons and Fractals, 33:1376–1375, 2007.
E. Ahmed and H. A. El-Saka. On fractional order models for hepatitis c. Nonlinear
Biomedical Physics., 4:1–3, 2010.
E. Ahmed, A. M. A. El-Sayed, and H. A. A. El-Saka. On some routhhurwitz
conditions for fractional order differential equations and their applications in
lorenz, rssler, chua and chen systems. Physics Letters A, 358:1–4, 2006.
E. Ahmed, A. M. A. El-Sayed, and H. A. A. El-Saka. Equilibrium points, stabil-
ity and numerical solutions of fractional-order predatorprey and rabies models.
Journal of Mathematical Analysis and Applications, 325:542– 553, 2007.
H. Al-Sulami, M. El-Shahed, J. J. Nieto, and W. Shammakh. On fractional order
dengue epidemic model. Mathematical Problems in Engineering, 2014, Article
ID 456537:6, 2014.
R. Antia, A. Yates, and J. C. de Roode. The dynamics of acute malaria infections.
i. effect of the parasite’s red blood cell preference. Proceeding of the Royal
Society. B, 275:1449–1458, 2008.
A. A. M. Arafa, S. Z. Rida, and M. Khalil. Solution of fractional order model of
childhood diseases with constant vaccination strategy. Mathematical Sciences
Letters, 1:17–23, 2012.
A. A. M. Arafa, S. Z. Rida, and M. Khalil. A fractional-order model of hiv infection
with drug therapy effect. Journal of the Egyptian Mathematical Society., 22:
538–543, 2014.
I. Area, H. Batarfi, J. Losada, J. J. Nieto, W. Shammakh, and . Torres. On a frac-
tional order ebola epidemic model. Advances in Difference Equations 2015:278,
2015.
14 E. Okyere, F. T. Oduro, S. K. Amponsah, I. K. Dontwi, N. K. Frempong
K. Barley, D. Murillo, S. Roudenko, A. M. Tameru, and S. Tatum. A mathematical
model of hiv and malaria co-infection in sub-saharan africa. Journal of AIDS
Clinical Research, 3:173. doi: 10.4172/2155-6113.1000173, 2012.
N. Chitnis. Using mathematical models in controlling the spread of malaria. PhD
thesis, University of Arizona, Tucson, Arizona, USA, 2005.
N. Chitnis, J. M. Cushing, and J. M. Hyman. Bifurcation analysis of a mathe-
matical model for malaria transmission. SIAM J. Appl. Math, 67:2445, 2006.
C. Chiyaka, J. M. Tchuenche, W. Garira, and S. Dube. A mathematical analysis of
the effects of control strategies on the transmission dynamics of malaria. Applied
Mathematics and Computation, 195:1641–662, 2008.
Y. Cho, I. Kim, and D. Sheen. Afractional-order model for minmod millennium.
Mathematical Biosciences, 262:36–45, 2015.
K. Diethelm, N. J. Ford, and A. D. Freed. A predictor-corrector approach for the
numerical solution of fractional differential equations. Nonlinear Dyamics, 29:
3–22, 2002.
K. Diethelm, N. J. Ford, and A. D. Freed. Detailed error analysis for a fractional
adams method. Nonlinear Dyamics, 36:31–52, 2004.
Y. Ding and H. Ye. A fractional-order differential equation model of hiv infection
of cd4+ t-cells. Mathematical and Computer Modelling, 50:386–392, 2009.
Y. Ding, Z. Wang, and H. Ye. Optimal control of a fractional-order hiv-immune
system with memory. IEEE Trans. Contr. Sys. Techn., 20:763–769, 2012.
P. V. D. Driessche and J. Watmough. Reproduction numbers and sub-threshold
endemic equilibria for compartmental models of disease transmission. Mathe-
matical Biosciences, 180:29–48, 2002.
H. A. A. El-Saka. Backward bifurcations in fractional-order vaccination models.
Journal of the Egyptian Mathematical Society., 23:49–55, 2015.
A. M. A. El-Sayed, A. E. M. El-Mesiry, and H. A. A. El-Saka. On the fractional-
order logistic equation. Applied Mathematics Letters 20, 20:817823, 2007.
M. El-Shahed and A. Alsaedi. The fractional sirc model and influenza a. Mathe-
matical Problems in Engineering, 2011, Article ID 480378:9, 2011.
D. Gao, Y. Lou, and S. Ruan. A periodic Ross-Macdonald model in a patchy
environment. Discrete Continuous Dyn Syst Ser B, 19:31333145, 2014.
M. Ghosh, A. A. Lashari, and Xue-Zhi Li. Biological control of malaria: A math-
ematical model. Applied Mathematics and Computation, 219:923–7939, 2013.
A. Gokdogan, A. Yildirim, and M. Merdan. Solving a fractional order model of hiv
infection of cd4+ t cells. Mathematical Problems in Engineering, 54:2132–2138,
2011.
G. Gonza´lez-Parra, A. J. Arenas, and B. Chen-Charpentier. A fractional order
epidemic model for the simulation of outbreaks of influenza A(H1N1). Mathe-
matical Methods in the Applied Sciences, 37:2218–2226, 2014.
M. B. Hoshen and A. P. Morse. Spread of anti-malarial drug resistance: Math-
ematical model with implications for act drug policies. Malaria Journal, 3:32,
2004.
M. Javidi and B. Ahmad. A study of fractional-order cholera model.
Appl.Math.Inf.Sci, 8:2195–2206, 2014.
L. T. Keegan and J. Dushoff. Population-level effects of clinical immunity to
malaria. BMC Infectious Diseases 2013, 13:428, 2013.
J. C. Koella and R. Anita. Epidemiological models for the spread of anti-malarial
resistance. Malaria Journal, 2:3, 2003.
Fractional Order Malaria Model With Temporary Immunity 15
O. Lawi, J. Y. T. Mugisha, and N. Omolo-Ongati. Mathematical model for malaria
and meningitisco-infection among children. Applied Mathematical Sciences, 5:
2337–2359, 2011.
C. Li and C. Tao. On the fractional adams method. Computers and Mathematics
with Applications, 58:1573–1588, 2009.
W. Lin. Global existence theory and chaos control of fractional differential equa-
tions. Journal of Mathematical Analysis and Applications, 332:709–726, 2007.
W. Liu and W. Chen. Chaotic behavior in a new fractional-order love triangle
system with competition. Journal of Applied Analysis and Computation, 5:
103–113, 2015.
Y. Liu, P. Lu, and I. Szanton. Numerical analysis for a fractional differential time-
delay model of hiv infection of cd4+ t-cell proliferation under antiretroviral
therapy. Abstract and Applied Analysis, 2014, Article ID 291614:13, 2014.
Z. Liu and P. Lu. Stability analysis for hiv infection of cd4+ t-cells by a fractional
differential time-delay model with cure rate. Advances in Difference Equations
2014, 298, 2014.
S. Mandal, R. R. Sarkar, and S. Sinha. Mathematical models of malaria - a review.
Malaria Journal, 10:202, 2011.
D. Matignon. Stability results for fractional differential equations with applications
to control processing. Computational Engineering in Systems Applications, 2:
963–968, 1996.
Z. Mukandavire, A. B. Gumel, W. Garira, and J. M. Tchuenche. Mathematical
analysis of a model for hiv-malaria co-infection. Math Biosci Eng, 6:333–362,
2009.
C. N. Ngonghala, G. A. Ngwa, and M. I. Teboh-Ewungkem. Periodic oscillations
and backward bifurcation in a model for the dynamics of malaria transmission.
Mathematical Biosciences, 240:45–62, 2012.
G. A. Ngwa and W. S. Shu. A mathematical model for endemic malaria with vari-
able human and mosquito populations. Mathematical and Computer Modelling,
32:747–763, 2000.
Z. M. Odibat and N. T. Shawagfeh. Generalized taylors formula. Applied Mathe-
matics and Computation, 186:286–293, 2007.
K. O. Okosun and O. D. Makinde. Modelling the impact of drug resistance in
malaria transmission and its optimal control analysis. International Journal of
the Physical Sciences, 6:6479–6487, 2011.
K. O. Okosun and O. D. Makinde. Optimal control analysis of malaria in the
presence of non-linear incidence rate. Appl. Comput. Math., 12:20–32, 2013.
K. O. Okosun and O. D. Makinde. A co-infection model of malaria and cholera
diseases with optimal control. Mathematical Biosciences, 258:19–32, 2014.
E. Okyere, F. T. Oduro, S. K. Amponsah, I. K. Dontwi, and N. K. Frempong. Frac-
tional order sir model with constant population. British Journal of Mathematics
and Computer Science, 14:1–12, 2016.
N. Ozalp and E. Demirci. A fractional order seir model with vertical transmission.
Mathematical and Computer Modelling, 54:1–6, 2011.
I. Petras. Fractional-Order Nonlinear Systems: Modeling, Analysis and Simulation.
Springer, 2011.
C. M. A. Pinto and A. R. M. Carvalho. New findings on the dynamics of hiv and
tb coinfection modelsl. Applied mathematics and computation, 242:36–46, 2014.
16 E. Okyere, F. T. Oduro, S. K. Amponsah, I. K. Dontwi, N. K. Frempong
C. M. A. Pinto and J. A. T. Machado. Fractional model for malaria transmission
under control strategies. Computers and Mathematics with Applications., 66:
908–916, 2013.
I. Podlubny. Fractional Differential Equations. Academic Press, New York, 1999.
W. Pongtavornpinyo, S. Yeung, I. M. Hastings, A. M. Dondorp, N. P. J. Day, and
N. J. White. Spread of anti-malarial drug resistance: Mathematical model with
implications for act drug policies. Malaria Journal, 7 :229, 2008.
F. A. Rihan, D. Baleanu, S. Lakshmanan, and R. Rakkiyappan. On fractional sirc
model with salmonella bacterial infection. Abstract and Applied Analysis, 2014,
Article ID 136263:9, 2014.
R. Ross. The prevention of malaria. John Murray, London, 1911.
T. Sardar, S. Rana, S. Bhattacharya, K. Al-Khaled, and J. Chattopadhyay. A
generic model for a single strain mosquito-transmitted disease with memory on
the host and the vector. Mathematical biosciences, 263:18–38, 2015.
J. Tumwiine, J. Y. T. Mugisha, and L. S. Luboobi. On oscillatory pattern of
malaria dynamics in a population with temporary immunity. Computational
and Mathematical Methods in Medicine, 8:191–203, 2007a.
J. Tumwiine, J. Y. T. Mugisha, and L. S. Luboobi. A mathematical model for
the dynamics of malaria in a human host and mosquito vector with temporary
immunity. Applied Mathematics and Computation, 189:1953–1965, 2007b.
J. Tumwiine, J. Y. T. Mugisha, and L. S. Luboobi. A host-vector model for malaria
with infective immigrants. J. Math. Anal. Appl, 361:139–149, 2010.
WHO. World malaria report 2005. Technical Report, World Health Organiza-
tion/UNICEF, Geneva, Switzerland., 2005.
WHO. World malaria report 2012. Technical Report, World Health Organiza-
tion/UNICEF, Geneva, Switzerland., 2012.
WHO. World malaria report 2014. Technical Report, World Health Organiza-
tion/UNICEF, Geneva, Switzerland., 2014.
H. Ye and Y. Ding. Nonlinear dynamics and chaos in a fractional-order hiv model.
Mathematical Problems in Engineering, 2009, Article ID 378614:9, 2009.
Fractional Order Malaria Model With Temporary Immunity 17
(a)
(b)
(c)
Fig. 1 Solutions of fractional order model with α = 1.
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Fig. 2 Solutions of fractional order model with α = 1.
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Fig. 3 Solutions of fractional order model with α = 1, 0.99, 0.95, 0.90.
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Fig. 4 Solutions of fractional order model with α = 1.
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Fig. 5 Phase portrait for fractional order model with α = 1, 0.99, 0.95, 0.90.
